Abstract. We analyze Auslander-Reiten components for the bounded derived category of a finite-dimensional algebra. We classify derived categories whose Auslander-Reiten quiver has either a finite stable component or a stable component with finite Dynkin tree class or a bounded stable component. Their Auslander-Reiten quivers are determined. We also determine components that contain shift periodic complexes.
Introduction
In this paper we analyze the Auslander-Reiten triangles in the bounded derived category of a finite-dimensional indecomposable algebra A, denoted by D b (A) . The bounded derived category of a finite-dimensional algebra is a triangulated category and Auslander-Reiten triangles are triangles with analogous properties to Auslander-Reiten sequences for finite-dimensional algebras. The conditions for the existence of such triangles in D b (A) have been determined by Happel in [H2] .
Analogously to the classical Auslander-Reiten theory, which applies to Artin algebras, we can define Auslander-Reiten components of the bounded derived category. These are locally finite graphs, where the vertices correspond to indecomposable complexes in D b (A) . We want to know how and if certain results on finite and dimension-bounded Auslander-Reiten components of finite-dimensional algebras extend to the bounded derived category.
In the second section we give a brief introduction to derived categories and we introduce Auslander-Reiten triangles as defined by Happel in [H1] .
In the third section we deduce some properties of Auslander-Reiten triangles that will be used in the other sections. Date: March 29, 2010. In the fourth section we classify the bounded derived categories that have either a stable finite Auslander-Reiten component, a stable Auslander- Reiten component with finite Dynkin tree class or a stable bounded AuslanderReiten component. In all these cases the Auslander-Reiten quiver is described completely. Also components with shift periodic modules are determined.
In the classical Auslander-Reiten theory finite components occur if and only if the algebra has finite representation type. We show that finite stable has only finitely many isomorphism classes of indecomposable objects up to shift;
2) There is a stable component with finite Dynkin tree class;
3) There is a bounded stable component.
In this case, the Auslander-Reiten quiver consists either only of one component Z[T ] with T = A 1 a finite Dynkin diagram, or of infinitely many components A 1 .
In the first case A is derived equivalent to kT , which is a hereditary algebra of finite representation type. In the second case A is simple. Finally we introduce shift periodic complexes in analogy to periodic modules. Possible tree classes for derived categories with shift periodic complexes are deduced.
We show that their Auslander-Reiten quiver is either Z[T ] with T a finite
Dynkin diagram or the component containing the shift periodic complex has tree class A ∞ .
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Preliminaries and Notation
Let A denote a finite-dimensional indecomposable algebra over a field k and A-mod the category of finite-dimensional left A-modules. We denote by P the full subcategory in A-mod of projective modules and I the full subcategory of injective A-modules. Let C ∈ {A-mod, P, I}. The homotopy category and the derived categories are triangulated categories by [Wei, 10.2.4, 10.4.3] where the shift functor [1] is the automorphism.
Then
The distinguished triangles are given up to isomorphism of triangles by
for any morphism f .
It is difficult to calculate the morphisms in the derived category of Amodules. The following theorem provides an easier way to represent them.
Theorem 2.2. [Wei, 10.4.8] We have the following equivalences of triangulated categories
We identify an A-module X with the complex that has entry X in degree 0 and entry 0 in all other degrees. By abuse of notation we call this complex X. A complex with non-zero entry in only one degree is also called a stalk complex. Note that A-mod is equivalent to a full subcategory of D b (A) using this embedding.
Let N be a left A-module and · · ·
Then we denote throughout this paper by pN the complex with (pN ) i := P −i
P for i ≤ 0 and (pN ) i := 0 for i > 0. Similarly we define iN to be the complex with (iN ) n := I n and d n := d n I for n ≥ 0 and (iN ) n := 0 for n < 0. This means that f i is surjective for all i ∈ Z. Suppose there is a map g :P → D of complexes. Then we construct a map h :P → C as follows.
Since P is projective, there is a map q : P → C 0 such that f 0 q = g 0 . We then set h 1 := d 0 C q and h 0 := q and h i := 0 for all other degrees. We visualize this in the diagram
This gives the proof.
Finally we define for a complex X, the complex σ ≤n (X) to be the complex with σ ≤n (X) i := X i for i ≤ n and d i σ ≤n (X) := d i X for i < n and σ ≤n (X) i := 0 for i > n. We define σ ≥n (X) analogously.
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Next we introduce Auslander-Reiten theory for triangulated categories.
We state the existence conditions for Auslander-Reiten triangles in the bounded derived category of a finite-dimensional algebra and prove some properties that will be needed in the other sections.
For an introduction to triangulated categories we refer to [H1, I.1.1]. Let T be a triangulated category with translation functor T . (1) The objects X, Z are indecomposable
We introduce the following conditions. (3') If f : X → W is not a section,
By [H1, I.4 .2] we have that the condition (1)+ (2)+(3) is equivalent to the condition (1)+ (2)+ (3') and also to the condition (1)+ (2)+ (3").
The condition (2) is equivalent to (2') The map u is not a section.
(2") The map v is not a retraction.
We refer to w as the connecting homomorphism of an Auslander-Reiten triangle. We say that the Auslander-Reiten triangle X → Y → Z → T X starts in X, has middle term Y and ends in Z. Note also that an AuslanderReiten triangle is uniquely determined up to isomorphisms of triangles by the isomorphism class of the element it ends or starts with. The AuslanderReiten translation τ is defined as the functor on the set of all isomorphism classes of indecomposable objects that appear at the end of an AuslanderReiten triangle to the set of indecomposable objects that appear at the start of an Auslander-Reiten sequence. Then τ sends the isomorphism class of Z to the isomorphism class of X. Let ν A denote the Nakayama functor of A and let
We denote by ν the left derived functor of ν A on D b (A) and by ν −1 the right derived functor of ν
The conditions for the existence of Auslander-Reiten triangles in a triangulated category have been determined in [VR, I.2.4] . It is shown that a triangulated category admits Auslander-Reiten triangles, that is for every 
(2) Let X ∈ K +,b (I) be indecomposable, then there exists an Auslander-
Reiten triangle starting in X if and only if
From this result we deduce that the translation τ is given by ν[−1] and τ is natural equivalence from
Not all irreducible maps appear in Auslander-Reiten triangles.
Proof. By 2.8 and 2.6 it is clear that B ∈ K b (I) and C ∈ K b (P). Let us assume that B ∈ K b (P) and let n ∈ N be minimal such that B n = 0.
Then f factorizes through σ ≥n−1 (C), where C is represented as a complex in Comp −,b (P). Let f = hg be this factorization, then g is not a section, as f is not a section and h is not a retraction as σ ≥n−1 (C) ∼ = C. This is a contradiction to the fact that f is irreducible. Therefore B ∈ K b (P).
Analogously, we can show that C ∈ K b (I).
More results on these irreducible maps can be found in [HKR] .
Auslander-Reiten triangles
In this section we deduce some properties of Auslander-Reiten triangles and introduce stable components. The following lemma determines the relation between irreducible maps, retractions and sections in K −,b (P) and Proof. We first give a proof of (2). Let f : B → C be a retraction in
Therefore f g − id C factors through a contractible complex P via s : C → P and t : P → C. Then (t, f ) −s g = id C . As C does not have a contractible summand, we have that f g is an isomorphism. The proof of (3) is analogous.
We prove (1). Let f : B → C be an irreducible map in K −,b (P), then by (2) and (3) f is also an irreducible map in Comp −,b (P). Suppose now that f is irreducible in Comp −,b (P) and let gh be homotopic to f for some
We can therefore choose for an irreducible map in K −,b (P) an irreducible map in Comp −,b (P) that represents this map. For the rest of this paper all irreducible maps in K −,b (P) or K +,b (I) will be represented by irreducible
We identify ν(P ) with an indecomposable complex in Comp −,b (P). Then w is isomorphic to
Proof. We consider w ∈ Hom D b (A) (P, E[1]) and the distinguished triangle
corresponding to the Auslander-Reiten sequence w.
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As this sequence does not split, the map w is not homotopic to zero by 2.1. Let M ∈ Comp −,b (P) and let f : M → P be a map in Comp −,b (P) representing a map in K −,b (P) that is not a retraction. Then f is not a retraction in Comp −,b (P) by 3.1 and factors through σ in Comp −,b (P). By 2.5
is an Auslander-Reiten triangle. It follows from 2.8 that P ∈ K b (P). As P is indecomposable, we have P ∈ Comp b (P) and E ∼ = ν(P ) Theorem 3.3. Let P ∈ Comp b (P) be an indecomposable complex that is not contractible. We identify ν(P ) with an indecomposable complex in Then by 3.1, f is not a retraction in K −,b (P). Therefore there is a map
and g : P 2 → P . As P 2 is projective in Comp −,b (P) by 2.4 there is a map s : P 2 → cone(w)[−1] such that g = σs. We set f ′ = f 1 + sh, then It is easy to see for which algebras stable components appear. The non-stable components have been determined in [HKR, 5.7] .
Finite and bounded Auslander-Reiten components
In this section, we determine the tree class of bounded and finite stable Auslander-Reiten components. We show that finite stable components can only appear if A is simple. Bounded stable components appear if and only if the representation type of D b (A) is finite. This is also equivalent to the fact that the Auslander-Reiten quiver has a component with tree class finite Dynkin. We describe the Auslander-Reiten quiver concretely in these cases.
We start with the following easy lemma. X is not surjective. This gives a contradiction. Assume now that X 0 is not simple. Then there is a non-zero map from the stalk complex of the projective cover of soc X 0 to X in K −,b (P) that is not an isomorphism. This gives also a contradiction. Therefore X 0 is simple and projective. Furthermore ν A (X 0 ) ∼ = X 0 as w is an isomorphism. Therefore X 0 is injective. By [B, 1.8 .5] we have that A is simple and X 0 is the only simple module in A up to isomorphism. Therefore (3) follows from (2). Clearly (3) implies (4) and (4) implies (1).
This lemma shows that if A is not simple then the stable Auslander-
Reiten components are the components on which τ is an automorphism. In 
The Auslander-Reiten quiver of Comp −,b (P) is given by
and is isomorphic to A ∞ ∞ . Clearly (3) implies (1). (1) ⇒ (2) Suppose that Comp −,b (P) has an Auslander-Reiten sequence with contractible middle term. Then by 3.2 and 3.3 there is an AuslanderReiten triangle in K −,b (P) with trivial middle term. By the previous lemma, A has to be simple. The remaining cases are proven similarly.
The following version of Lemma [B, 4.13.4 ] holds for our setup. 
and a map h : 
Proof. We give a proof of (1) as the proof of (2) that is not an isomorphism. Therefore we have some σ : C → E such that
l i σ i for some maps l i : E i → B and σ i : C → E i . Clearly there exists an 1 ≤ s ≤ m such that l s σ s = 0 in K b (P) as t = 0 in K b (P). By 2.7 g 1 := l s is irreducible and E s lies in Λ. Furthermore by the induction assumption σ s is not an isomorphism as there is no irreducible map from C to B. We can therefore use the same argument in the induction step on the map σ s .
We define certain length functions of complexes. Similar length functions have been defined for example in [W] . We will use the following notation. 
We define analogously l i for elements of K b 
called homotopically minimal in [Kr, B2] . Krause also shows that such a homotopically minimal element to a complex is uniquely determined up to isomorphism of complexes.
Note that l p , l c and l i are defined for complexes of a stable AuslanderReiten component of D b (A) . Also a bounded Auslander-Reiten component is always stable, as all elements in the component are both in K b (P) and
Remark 4.6. Let Λ be a stable component. Then by 3.3 every Auslander- Reiten triangle in Λ is isomorphic to
where
is a short exact sequence in Comp b (P) and w : With exactly the same proof as in [B, 4. 14.1] we have Lemma 4.7. Let P 0 , . . . , P 2 n −1 ∈ Comp b (A) be indecomposable and assume that l c (P i ) ≤ n for all i. If the maps f i : P i−1 → P i are not isomorphisms
, where C and B are indecomposable complexes. Then by 3.1 f is irreducible in Comp −,b (P) and therefore f is not an isomorphism.
We therefore have the following result.
Corollary 4.8. Let P 0 , . . . , P 2 n −1 ∈ Comp b (P) be indecomposable such that
We can now determine some properties of bounded components. Let A = n i=1 P i be a decomposition of A into indecomposable projective summands P i . Let C be an element of Λ. As [1] acts on Λ we can assume without loss of generality that there exists a non zero map f in D b (A) from P i to C for some 1 ≤ i ≤ n. Therefore P i ∈ Λ and as A is indecomposable we have P j ∈ Λ for all 1 ≤ j ≤ n. For all indecomposable elements X in K −,b (P) there is an s x ∈ Z such that there is a non-zero
. Therefore X[s x ] ∈ Λ using the first part of the proof. We can now determine finite components. 
is non zero for some i ∈ Z, then the tree class of Q is either Euclidean or infinite Dynkin.
Proof. Let n ∈ N, m ∈ Z be such that τ n (X) = X[m]. We consider the
This function takes finite values as for two complexes L, N ∈ K b (P) the
is non zero only for finitely many values of s ∈ Z. If we represent all elements in C by indecomposable complexes in Comp b (P) then there is an n ∈ N such that l c takes values ≤ n for all elements in C.
By 4.8 every chain of irreducible maps of length > 2 n is therefore zero. / / x 6,j + x 4,j − x 1,j / / x 6,j+1 / / x 7,j+1 / / x 8,j+1
x 5,j − x 1,j
In the case of E 6 we have x 6,j+1 = x 4,j − x 1,j . If we consider E 7 we have x 6,j+1 = x 7,j + x 4,j − x 1,j and x 7,j+1 = x 4,j − x 1,j . Finally for E 8 we have
x 6,j+1 = x 7,j + x 4,j − x 1,j , x 7,j+1 = x 8,j + x 4,j − x 1,j and x 8,j+1 = x 4,j − x 1,j .
In the case E 6 we have by the same argument that x 6,j+4 = −x 1,j , in the case E 7 we have that x 3,j+20 = −x 3,j + x 4,j and for E 8 we have x 1,j+15 = −x 1,j . Those are negative values as −x 3,j + x 4,j = −x 4,j−1 and we obtain a contradiction to the assumption that l p is additive on all but finitely many Auslander-Reiten triangles in the component. We can describe the Auslander-Reiten quiver and derived category more precisely in the case of the previous theorem. Note also that not all bounded components need to be finite as it is the case for the Auslander-Reiten quiver of an algebra. 
